The potential energy curves of the ground state X 2 Σ + g of the fluorine molecule have been accurately reconstructed employing the Ryderg-Klein-Rees (RKR) method extrapolated by a Hulburt and Hirschfeler potential function for longer internuclear distances. Solving the corresponding radial one-dimensional Schrödinger equation of nuclear motion yields 22 bound vibrational levels above v=0. The comparison of these theoretical levels with the experimental data yields a mean absolute deviation of about 7.6 cm −1 over the 23 levels. The highest vibrational level energy obtained using this method is 13308.16 cm −1 and the relative deviation compared with the experimental datum of 13408.49 cm −1 is only 0.74%. The value from our method is much closer and more accurate than the value obtained by the quantum mechanical ab initio method by Bytautas. The reported agreement of the vibrational levels and dissociation energy with experiment is contingent upon the potential energy curve of the F 2 ground state.
I. INTRODUCTION
The study of nuclear motions in molecules is relevant in such problems as the determination of rovibrational states, photodissociation process, and molecular reactive scattering, where the Born-Oppenheimer approximation is usually considered. This approximation implies that the molecular dynamics is governed by a potential energy surface (PES) obtained from the electronic energy and the nuclear repulsion term. There are two important steps to obtain the PES, one is the calculation of the electronic energy for a set of nuclear configuration using ab initio and/or semiempirical methods and the other method is the fitting of the PES from these points. The fitting process is usually done by power series in an appropriate coordinate system [1] , using local functions such as the cubic spline [2, 3] or semiempirical potentials with adjustable parameters to reproduce experimental and theoretical results. However, alternative procedures to those methods have always been sought [4] [5] [6] [7] [8] . In some of the earlier reviews, the examinations of the functions were limited to compare the spectroscopic constants D e , ω e , ω e χ e , etc., calculated using them with those of the known experimental values, since accurate experimental RydbergKlein-Rees (RKR) potential curves were not available at the time to perform a direct comparison between experimental and empirical inter-atomic potentials U (r). In other reviews, known experimental values of molecular constants, e.g. D e , were used in generating the analytical functions, thereby reducing the number of adjustable parameters available for curve-fitting, and thus requiring a re-analysis by utilizing the full set of parameters in each functions. Finally, their accuracy needs to be assessed and compared to that of prevailing functions. For this reasons, it was believed to be useful to carry out a comparison of a new analytical function or potential curve with experimental potential curves of diatomic.
The vibrational levels are obtained by solving the nuclear Schrödinger wave equation on the BornOppenheimer PES [9, 10] . For the F 2 molecule containing 2 heavy nuclei and 18 electrons, very accurate calculations have so far only been made in a limited region around the equilibrium distance using quantum mechanical method. From this local part of the potential energy curve, the spectroscopic constants are then determined. A comprehensive review of theoretically predicted spectroscopic constants of F 2 molecule was given by Sa et al. [11] .
In this work, a more accurate calculation of the vibrational level energies of the electronic ground state X 2 Σ + g of the fluorine molecule was made using the approach of reconstruction of the potential curve according to the RKR method [12, 13] . The radial nuclear Schrödinger wave equation is solved on the basis of the potential curve function. The vibrational level ener-gies of 22 bound (above v=0) are obtained using the two-term polynomial expansion from spectroscopic data [14] . In this work, Firstly, we report a more accurate potential energy curve for the electronic ground state (X 2 Σ + g )of the fluorine molecule based on the the RKR method, extrapolated to high energies using Hulburt and Hirschfeler potential function for longer internuclear distances. Then, we proceed to solve the radial one-dimensional Schrödinger equation of nuclear motion of the fluorine molecule on the basis of the accurate potential curve, yielding a series of vibrational level energies. Secondly, the effects of a higher vibrational quantum number on the vibrational ladder are analyzed and compared with the previous results obtained by employing other potential energy functions. Knowledge of the precise value of the dissociation energy of diatomic molecules is important for thermochemistry and is often of interest in astrophysics [15] . It is well known that in certain approaches dissociation energy of the fluorine molecule is over estimated using the previous ladderclimbing models [16, 17] . The comparison essentially reports that our method could give a more accurate potential curve and that the present work represents an improvement in agreement between theories and experiments.
II. COMPUTATIONAL DETAILS
A. Potential energy curve obtained using the RKR method The potential energy describes the molecular structure and molecular spectrum and founds the base of researching the time-dependant process, which matches a definite electronic state of a molecule or radical [14, 18] . The calculation of the rotational and vibrational energy levels E v,J for F 2 molecule, where v and J are the vibrational and rotational quantum numbers, respectively, requires the solution of the eigenvalue problem of the nuclear Schrödinger equation [19] 
where R is the internuclear distance, V (R) is the potential energy functions, and
where ψ(R) is the radial part of the wavefunction. Following spectroscopic convention, we express the rotation-vibration energy levels in the form
where V eq is the minimum value of the potential V (R) in Eq.
(1) at the equilibrium distance R eq . By definition
For a given electronic state e, the energy levels of a diatomic molecule are usually expressed in the form of a double infinite series known as a Dunham expansion [20, 21] 
where h is the Plank constant, and c is the velocity of light in vacuum, and the first Dunham coefficient Y ij is the usual spectroscopic constant as follows: [21] 
However, the adequacy of the Dunham expansion is directly associated with the validity of the spectroscopic constants which are obtained by fitting a given set of measured rovibrational levels with the expansion of Eq.(4). Rigorously, such an expansion can only be accurate at describing the initial set of rovibrational levels over which the spectroscopic constants have been interpolated, but unfortunately some compilations of spectroscopic constants do not clearly include the range of the vibrational quantum number over which the expansion is strictly valid. This means that in most cases we do not know whether we are using a set of Dunham expansion coefficients within their validity or not. In additional, the vibrational levels of higher-lying levels obtained from Dunham expansion may increasingly diverge from the exact energies, due to the instability of extrapolation. This inaccuracy of the extrapolation to higher levels is obviously associated with the anharmonicity of the potential energy curve of a given molecule. This may leads to a global inadequacy of the model close to the dissociation limit because of the failure of the Born-Oppenheimer approximation.
B. Approaches based on the reconstruction of the state potential energy curve Numerical methods based on the rebuilding of the F 2 ground state X 2 Σ + g potential energy curve prove to be accurate, as they strive for reconstructing the overall potential energy curve up to the dissociation limit. Vibrational energy levels are then calculated by solving 22] . The calculation of this type approaches is very intensive, but the accuracy of energy levels calculated using these methods are often lower than the accuracy of the energy levels issued from spectroscopic measurements, which allow semiclassical methods based on such spectroscopic measurements to provide more accurate results. Indeed, the spectroscopic accuracy in the calculation of level energies can yield more reliable results than ab initio methods. The methods used in this work can provide a full potential energy curve up to the dissociation limit, which based on the spectroscopic constants obtained from experiment. This calculation starts from the reconstruction of the equilibrium region of the potential energy curve up to their validity range. The RKR inversion procedure is employed to rebuild such a potential energy curve [23] [24] [25] . The RKR method provides the most accurate approach for reconstructing this region of the potential curve, the method being only limited by the numerical accuracy computing system (0.01-0.1 cm −1 ), typically several orders of magnitude higher than the accuracy of spectroscopic measurements of levels energies (10 −6 -10 −3 cm −1 ) [11] . Not surprisingly, this method provides more accurate potential energy curve inside its domain of validity than ab initio quantum mechanics methods [26] . The RKR method is nevertheless limited to the range of validity of the spectroscopic data, which in principle could lead to the determination of only the lower part of the energy curve. Furthermore, as discussed in Ref. [11] , the position of the highest levels in a molecular potential is not well described by the usual Jeffreys-Wentzel-Kramers-Brillouin (JWKB) formula due to a reflection effect at the turning points. However, such a curve can be extrapolated using additional expressions for intermediate and larger internuclear distances.
The RKR method is based on a formal inversion of the first-order phase integral or WKB quantization condition for a particle of mass µ bound by an effective one-dimensional potential U (r):
where β 2 = 2 /(2µ), r 1 (v) and r 2 (v) are the inner and outer classical turning points at the energy E, respectively. The RKR equations for an effective potential with a centrifugal term
here J is the rotational quantum number.
where v 0 is the value of the vibrational quantum number at the potential minimum where E(v 0 )=0. In order to provide E(v) and B(v) values for the integrations of Eq. (10), E(v) and B(v), are determined by fitting the experimental results to some expansion functions [27] . The RKR method is generally known to produce very accurate potential function for the lower part of the potential well. However, numerical instabilities and errors may appear for high near-dissociation levels. These complications are partly due to difficulties at representing and extrapolating spectroscopic data for neardissociation level. Although the semi-classical quantization condition maps integer values of v, within thee semi-classical RKR approach v may be treated as a continuous variable. This allows obtaining a much larger number of points than those obtained using integer values for a precise determination of the energy potential curve. Once the near-equilibrium part of the potential curve has been obtained, it is necessary to extrapolate this potential curve up to the dissociation limit. This approach proceeds with the fitting of a theoretical potential function (e.g. Morse or Lippincott function) to the reconstructed RKR potential, insuring that a adequate long-rang behavior exists in such a potential as it reaches the dissociation limit. It is an intensive work of analysis and fitting the available experimental data. Here, we reported a instead method to extrapolate the RKR potential energy curve by a repulsive potential function at equilibrium region, and by a Hulburt and Hirschfelder [28] potential energy function at longer inter-nuclear distances. This Hulburt and Hirschfelder potential function [8] consists in a two-parameter correction term to the usual Morse potential. The expression for Hulburt and Hirschfelder function is as follows:
here, P 0 is dissociation energy D e , P 4 is r e , and the parameter P 3 plays the same role as α in the Morse potential (from which, indeed, this potential is derived), i.e. P 3 =(k e /2D e ) 1/2 , P 0 was added to the potential to make it generate U (r e )=0.
III. RESULTS AND DISCUSSION
The method we introduced in this work has been applied to the calculation of the vibrational levels of fluorine molecule ground state potential energy curve. Using this mentioned procedure, the RKR potential energy curve for the lower levels of the ground state fluorine molecule has yielded the up-to-date spectroscopic data [14, 28] . The turning points of the potential energy curve for the F 2 (X 2 Σ + ) state are listed in Table I . The potential curve near the equilibrium region has been extrapolated to the dissociation limit region using the repulsive Hulburth and Hirschfelder potential function with four-parameter.
The parameters of Hulburth and Hirschfelder potential function, P 0 , P 1 , P 2 , and P 3 are 1.708 eV, 3531 cm −3 , 1.282×10 5 cm −4 , and 29.11 cm −1 , respectively. The radial one-dimensional Schrödinger equation of nuclear motion has been solved using this rebuilt potential energy curve to determine the 23 bound vibrational levels (22 levels above v=0) from which the following Dunham expansion can be obtained through a level-fitting procedure: [28] . From the comparison, we can conclude that the calculation method reported in this work is reliable and credible. Figure 1 shows the energy potential curve V (r) of F 2 (X 2 Σ + ) against the internuclear distance obtained in this work, the potential curve obtained from the ex- perimental data [19] , and potential curve obtained using the Morse function [8] . The differences between our potential energy curve and the experimental potential curve [19] is vanishingly small in the entire range, with less one part per 10 4 on the top of the vibrational ladder. The potential curve obtained from the Morse function shows a different long-range behavior which is likely not as accurate as the other two potential energy curves. This is not surprising, since the accuracy of the method using Morse function are usually lower than the reconstructed potentials, although the Morse function is used commonly in the fitting of potential energy curves of diatomic molecule.
For completeness, Figure 2 shows the deviation of the vibrational level energies of the F 2 (X 2 Σ + ) state between the values calculated in this work and those in Ref. [17] . The differences between the results obtained using our method and those in Ref. [17] are apparently not so large, they suffice for giving a non-negligible difference for the total number of vibrational levels.
IV. CONCLUSION
We reports the results from a theoretical study in which the potential energy curve of the F 2 (X 2 Σ + g ) state is reconstructed using the RKR method, within the validity of up-to-date spectroscopic data, and extrapolated to the upper energy region by a Hulburt and Hirschfelde potential function. The radial Schrödinger equation is then solved for the resulting potential energy curve in order to derive the vibrational energy levels of the F 2 (X 2 Σ + g ) state to high accuracy. Earlier investigations by high-resolution electronic spectroscopy had established accurate experimental data for the vibrational levels up to v max =22. 22 bound vibrational levels existing above v=0, and the highest vibrational level energy obtained using this method is 13308.16 cm −1 (v max =22) and the relative deviation compared with the experimental datum of 13408.49 cm −1 [17] is only 0.74%. In Ref. [28] , a value of E vmax =12830.38 cm −1 reported recently has been obtained using the quantum mechanical ab initio calculations method by Bytautas with an relative deviation −4.31%. It is clearly that the value derived from our method is much closer and more accurate than the value obtained by the quantum mechanical ab initio calculations method. Moreover, a polynomial expansion up-to seven-terms is proposed for reproducing the more accurate data predicted in this work.
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